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The object of this thesis is to determine, by photoelastic 
methods, the stress distribution at the boundary of an ova- 
loiá hole in webs of different depths, subjected to vari- 
ous ratios of shear to bending stress. The results, in 
tne form of plots, were compare with the Heller anà seo- 
ondary bending formulae. А simple formula for deter- 
mining the maxinum stress at the ovaloic boundary was al- 
во devised. 

The plots show that good agreement exists between Heller's 
predicted stress and tne observed values for ali ratios of 
ehear to bending stress, and for hole-web depth ratios 
less than about 0.25. At hole-web ĉepth ratios greater 
tnan 0.50, it is indicated that the stress predicted by 


the secondary bending theory exceeds the observed values. 
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SUMMARY 


The object of this thesis is threefold: 

1. To determine experimentally the stresg діа- 
tribution at the boundary of an ovaloid hole in 
webs of different depths subjected to various 
ratios of shear to bending stress. 

2. To determine how olosely the stress distribu- 
tion for the above conditions predicted by the 
Heller and secondary bending formulae (see Ap- 
pendix "A") agree with the observed distribution, 
5. To devise a simple expression for the deter- 
mination of the maximum stress at the ovaloid 
boundary for use jn structural design. 

The experimental results were obtained by photoelastic 
analysis. Figures II-~XXVIII indicate the observed atress 
distribution at the boundary of an ovaloid of aspect ratio 
2.0 in webs of different depths subjected to various ratios 
of shear to bending stress. These figures further evinoe 
that good agreement exists between Heller's predioted stress 
and the observed values for all ratios of shear to bending 
stress and hole-web depth ratios less than about .28. At 
hole-web depth ratios greater than about .50 it ів indi- 
cated that the atress predicted by the secondary bending 


theory exceeds the observed values. 





Figures XXIX-XXXIII depiet the maximum observed and 
predicted values of stress at the hole boundary for vari- 
ous ratios of hole-web depth and shear-bending stress га- 
tios. It may be assumed that conservative structural de- 
sign will result by the use of the secondary bending theory 
for hole-web depth ratios greater coa POE .S0 and Heller's 
equation for ratios less than about .26. 
The following formulae (see Nomenclature, Appendix "C") 
are suggested for rapid determination of the maximum stress 2 


at the ovaloid boundary: 


When the hole-web depth ratio is less than about .25 
and the value of the shear-bending stress ratio greater 
than about .10: 


Cs f б 0.8 
Vo MAX. т 
When the hole-web depth ratio 1s less than about .25 


and the value of the shear-benáing stress ratio les9 than 
about .10: 


0.65” 
43 (É) c 


When the hole-wéb depth ratio 18 greater than about .30 


ua ` + 
= = €.3C + © 
Te ax 


and the shear-bending stress ratio greater than about .10 
a value of We b- £ should be substituted in the secondary 


bending stress formula. When the shear-bending stress ra- 

“Тһе experimental and tneoretícal results of Heller (Ref.No.6) 
indicate that the max.stress concentration for pure bending (Cf = О 
shoul be about 1.7O;hence this value is used in light of the 
random variation of the extrapolated values at T/T = O in Figs. 
XXIX-XXXIII. 





tio is lesg than about .10 it 1s known only that "/ " in- 
creases with the shear-bending stress ratio between values 
of something more than zero and less than b-x. 
Summarizing, 1t is oonoluded that: 
1. Не11ег!в solution for the stress at the boundary 
of an ovalaid of aspect ratio 2.0 іп а web submit- 
ted to combined bending and shear 18 in good agree- 
ment with the observed values for hole-web depth ra- 
tios less than about .25. 
2. The secondary bending theory appears to be con- 
servative, at least as far as these experiments show, 
for those cases where tne hole-web depth ratio is 
greater than about .50. 
5. Actual values of maximum stress at the hole bound- 


ary are amenable to mathematical description. 


The following recommendations are indicated by this 
thesis: 

1. Further experimental lnvestigstjíons for nole-web 
depth ratios greater thian .333, 

2. Investigation of the stress distribution at the 
web edges in way of the hole. This may be aocomplished with 
the photographs of model isochromatios included in the Origi- 
nal Data of this thesis (Appendix E). Regults oould be сош- 
pared with secondary bending theory prediotione. 

5. Further experimental investigations of ovaloids of 
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aspect ratio other than 2.0 -- partioularly, 1.5. А 7а1- 
uable simplified expression for the prediction of maximum 
stress at the hole and web boundaries could thus be de- 
duced including all three variable parametere: hole-web 


depth ratio, shear-bending streas ratio, and aspect ratio. 


* See p.15, Ref. (6). 
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INTRODUCTION 


Ovaloid holes are frequently out in structural webs 
for the purpose of redueing redundant weight or paasing 
various piping, ventilation, electrioal, or even access 
systems. It 1s desirable that the stresses be known at 
the boundary of these ovaloids 1f the atructure is to in- 


` 


corporate the desired optimum safety factor. 


xirach (7 ’ end таға (31) 


have investigated the effeot 
on web stress distribution of ovaloids of aspect ratio 1.0 
(circles) for hole-web depth ratios of zero in a uniform 
tension field aná in pure bending, respectively; Howland 
(3) 


and Stevenson performed these investigations for hole- 
web depth ratios greater than zero and introduced an analy- 
aie for combined bending and shear. Durelli and Murray (2°) 
have modified Kirsch's equations for two-dimensional stress 
systems and experimentally verified then. Neuber, (10) 
102118 (4) апа жол (12) have analyzed the stress distribu- 
tion due to ellipses in webs in pure bending, a uniform ten- 
sion field and combined shear and bending, respeotively; 


Durelli and Murray (14) have extended and experimentally veri- 


(1) (5) 


fied the first two cases. Greenspan and Joseph and Brook 
have performed analyses for the ovaloid in a web subjeoted ta 
a uniform tension field. and pure bending, respeotively; 


Heller, Karl and Gerion “9? have experimentally examined the 





*Numbera in brackets refer to Appendix F (Bibliography). 
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6 
latter solution. Montgomery has lnvestigated the applica- 
billty of the secondary bending analysis to an ovaloid of 
aspect ratio 2O0and hole-web depth ek to com 
bined bending and shear with and without reinforcement. 
Heller hes analyzed the stress distribution at the boundary 
of ovaloida (both major and minor axes vertical) and squares 
in webs of finite depth subjected to combined bending and 
shear (see Appendix A-I). This thesis will investigate 
by photoelastic methoda the stress distribution at the bound- 
ary of an ovaloid of aspect ratio 2.0 in webs of various 
depths subjeoted to combined bending and shear and simulta- 
neously seek to verify the applicability of the seoondary 
bending theory (commonly useà in practice) and Heller's solu- 


tion. 





PACOZDURE 





The model and a tensile test specimen were prepared 
from a single sheet of one-quarter-inoh Catalin 61-895, 
Accepted details of procedure for the preparation of pho- 
toelastic models as outlined by Frocht and Hurray were ob- 
served; accordingly edge and surface irregularities and ma- 
chining stresses were minimized. 

The material fringe constant wes determined by a ве- 
ries of runs performed on the tensile test specimen. (See 
Fig. ХХХІУ-В.) Equipment for the support of and applica- 
tion of loadings to the model was built and arranged as 
shown in Fig. I. With this equipment it was theoretically 
possible to subject the model to ratios of shear to bending 
moment varying from zero to infinity. Aotuslly, ratios be- 
tween O and 1 were used, since accureoy falle off rapidly at 
higher ratios. 

Five groupe of runs vere performed for velues of nole- 
web ratios from 0.100 to 0.333; these variations were aócom- 
plished by successive reductions of the web height - hole 
eize was maintained constant. Particular attention wes de- 
voted during machining to minimize any eccentricity of the 
hole in relation to the web edges. An aspect ratio of the 
ovaloid of 2.0 was selected as representative of current 
structural practice. The ovaloid was located at a point 


in the web sufficiently well removed (in accordance with 
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3t. Venant's Principle) fram any points of loa applica- 
tion or support to preclude extrəneous stress distortion 
at tne hole. 

In order to obtain a greater áegree of aocuraoy in the 
determination of fringe order magnitudes at the hole bound- 
ary in the subsequent stress distribution analysis, load- 
ings were maxiaized during the variation of shear to bending 
stress ratio to obtain the largest possible number of fringe 
orders, care being taken not to exoeed the yield point of the 
material (about fifteen fringes) at any point in the model 
(generally at the web edge fillets). Care was taken during 
the application of loads to prevent a torsional or lateral 
bending of the model due to lateral load eccentricities. The 
small ball-bearing pulley used in conjunction with the upward 
loading of the model possessed a frictional restraint thet 
was a negligible percentage of the load applied. The weight 
and moment of the web extension arm were taken into account. 
The polariscope and camera of the photoelasticity laboratory 
of the Department of Mechanica. Engineering were used with a 
mereury vapor lignt source and Wratten filters #774 end #58 
giving a light wave length oz 5641 A. 

mach group of runs at constant nole-web depth ratio in- 
oluded a no-load photograph and five or six photographs of 
the web isochromatics at various values of shear-bending 


stress ratlos. The analyzers were positioned for a dark 
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field. The tine edge effect at the web edges was mini- 


mized by conducting the runs soon after machining - but al- 





lowing time enough for machining stresses to dissipate. 
Two annealings were necessary (prior to the runs for b/o 
of .125 and .250) to minimize the time-edge effeot at the 
hole boundary. 











The stress distributions at the boundary of a given 










ovaloid hole of aspeot ratio 2.0 in a web of varying depth 
subjected to various ratios of shear to bending stress are 
presented in Figures II-XXVIII. The ordinates аге in ål- 
mensionless form - €. (Refer to Table I of Appendix C.) 
Three distributions aT included in each plot; observed 
stress and stress predicted by the secondary bending theory 
and Heller's analysis. The variation in the shear to bend- 
ing stress ratio ( =) is plotted at the top of each fig- 
ure, 

The maximum stress at the boundary of the same given 
0та1014 at various web depths for varying values of shear to 
bending stress as obtained from Figures II-XXVIII are Ge- 
picted in Figures XXIX-XXXIII. Observed and predicted val- 


ues are inoluded, 
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DISCUSSION OF RESULTS 





Heller's predicted stress at the boundary of an ova- 
loid of aspeot ratio 2.0 agress remarkably well with the 
observed stress for ratios of hole-web depth from .100 to 
«555 and ratios of shear to bending stress ranging from 
zero to about 1,0, Henoe, it is indicated that Heller's 
stated maximum limit of b/o of .20 1s conservative. 

For hole-web depth ratios less than about .260 the 
Heller maximum stress is greater than the observed maximum - 
aná conversely for ratios greater than .250. The position 
of maximum stress shifte from the center of the hole (.500) 
towards the ends - approaching approximately .850 for shear 
to bending atress ratios greater than about .15; agreement 
between observed and predicted position is very good. 

The secondary bending theory predicts stresses generally 
far less than the observed for hole-web depth ratios less 
than about .3O. Fairly good agreement is noted for a hole- 
web depth ratio of .Jógs. It ig indicated that this theory 
will give maximum stresses in exoess of the observed for 
hole-web depth ratios greater than about .50 алд, if applied 
to structural desigh, will inoorporate rather large inherent 
factors of safety. It is further indicated that the over- 
all stress pattern about the hole is still best desoribed by 
the Heller analysis. 
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Curves of observed maximum stress at Various values of 
shear to bending etress ratios are easily derived noting 
that the function is essentially linear for values of 
greater than about .10 and exponential for ratios less than 
about .10. Noting the relatively large disagreement be- 
tween the observed stress and the ourve described by the 
simplified expression for this strees for b/o = „167 and 
the relation between the curves of observed stress for other 
values of hole-web ratio, suggeste that the observed values 
of stress for b/c = „167 are a little low. 

Any sources of inaccuracy in the experimental determina- 
tion of the stress distribution at the hole boundary may be 


summarized as follows: 


l. The presence of a dark ring visible in certain 180- 
ohromatic photographs will tend to obsoure the aotual 
position of fringe intersections with the boundary and 
to alter the accuracy of the extrapolated fringe values 
at the boundary. 

2. Machining limitations will affeot ovaloid aspeot ra- 
tio, boundary imperfections and eccentricity (in rela- 
tion to web edges). 

5. Any lack of symmetry in the residual stress and the 
hole boundary will result in inaccurate fringe order đe- 


terminations. 
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4. Алу variation from the measured weights of load- 
ing or dimensions between loads and hole; also, any 


eccentric application of loading. 














CONOLUSIONS 


Heller's eolution for the stress at the boundary 
of an ovaloid of aspect ratio 2.0 in a web gub- 
mitted to combined bending and shear is in good 
agreement with the observed values for hole-web 


depth ratios less than . 250. 


The secondary bending theory may be congervatively 
applied in struotural design to those cases where 


the hole-depth ratio is greater than „333, 


The maximun stress at the hole boundary for vari- 
able parameters of hole-web and shear-bending 
stress ratios is amenable to mathematioal descrip- 


tion. 











RECOMMENDATIONS 


Further experimental investigations for hole-web 
depth ratios greater than .3335. 


Investigation of the stress distribution at the 
web edges in way of the hole. This may be ao- 
complished with the photographa of isochromatiog 
inoluded in Appendix E of this thesis. Results 
could be oompared with secondary bending tneory 
prediotions. 


Further experimental investigations of ovaloids of 
other than aspeot ratio 2.0 - particularly 1.5. 

A simplified expression or nomograph for maximum 
stress could be derived including all three vari- 
able parameters: hole-web depth ratios, shear- 


bending strees ratios, and aspect ratio. 
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SUPPLEMENTARY INTRODUCTION 


1 
The Stresses Around a Small Opening in a Beam Sub- 
jeoted to Bending with Shear. (Heller's Analysis.) 


11 
Introduction to the Secondary Bending Theory. 











THO SIRESSEG ARCUND A DAEL QPSWILG IN E UAM 
SUBJECT oD То 395NDIAG VITIH SAUSAR 
by 
5. 1. Melor, Jr}, Cambridge, Kasse 


This paper contains an exact closed solution for the stress 
distribution around a smell opening іп tha web of a beam sub- 
jected to bonding with shozre The complex variable metnod of 
solution for plane stress problems (jiuscheli8vili) is used. It 


lg applied to the case of 


оз 


cenors] oveloid ovening (Greenspan). 
Curves Sshosin,; *he 4610206151 stresses around the boundary are 
elven for sevoral common op.nin,s iounó in engineering etruc- 
tures (Joson зил Erock). Kaximuc stress concentration factors 
obtained arc vopard with those ior sgiuilar openings subjected 
to tension, skeur, mid pura bendins, as well as fop similar 
Cases of Simpler  oeonetry. The effect of sunrll eccontricities 
in location is itciuced. 
Nomenclature 

The followins nomenclature is used in this 250r: 

(х,у) = Garteslan cce-ordinit3s 


(a,B)= Orthogonal curvilinear co-oriinztos in general, and 
ovaloid co-ordinatus ín particular 


plex tiy 

мре. ar ip 

Ç = ех 

А е еі 

д = Stretch ratio 


Y = angle in z-plano botween tancent to сигуе, В + con- 
atant, rand M-9ax1p 


Y * Unit círcle 
I student Orfic , 0. 5.М.Т. 8. мот 


ín 





` 8,t,» = Keal parameters 
ф, ф = Potential fuictions of complex veriable 2 
Y, Y = potential functions of complex varlavle ¢ 


F = Airy stress function 


gx» Су 
= Por stresses; 18 normel to surface for which 
с, Ов х = constant, със. Х 
в, С, = Shear stresses 
Күү, Ва 
< Complex constante 
ад» Бр 


Р = Applied тола 
lo = Distance oF apolied load from center of hole 
Yo = Half-height oi opening 
= 8 - t + r 
e = BOC 2N L3 LCA Uy Oi Cehter ог openings 
Я = Moment of inortia of bean 
Г = ‘ор Darunoctpr: 


Гры З, Ау " lange sree (cross), tite: area, èb area (gross) 
resmnncotivolv 


h = Mcaıf-h2i st of Dean 
— = bar above, inälcates complex conjurate 
Introduction 
The purrose of tiles parer is to obtain an exact solution for 
the stress distrinution at the boundary and in the neignbornood 
of an ovaloià oponunin: in the web of a bean subjected to banding 
with sheer, Fig. 1. 
he boa. 1с considerec to be very tone in the x-direction 
(practioally infinite) one larze (compared to the height of the 
opening; 1. e+, yo < 0.2h)° but of finite extent іп the y- direction. 





2 cf. Fics. 6 and и, ро. 216-217, 15) 








‘se center of the Оба і ТВ on the neutral axis: but, this is no 
iimitation. The efrect of eceartrleity can ba obtaine by super- 
ОЕ ОП ОТ known solutions for uniform tension or compression [1] 3 
and pure bending (2) plus an additional effect of shear which is 
included in the eppencix te the solution considered here, The 
opening treated 45 со11ей ег Ovaloid, and may be made to represent 
closely severnl common oD0nin.g which occur in ongineoring struc- 
tures. $ 

ine method of solution used i3 ihat known as the complex-vari - 
able method, -scocieted with the nane of N. I. 9uscheliBvilji. For 
& deiallod treatment, sec Sokolniroff [5]. For an outline of the 
application of ‘it „Мой зее соборі. and Frock [2] ог Погхоуіп UV. 

ШЕ probi** o, Losdiíin; aiti shear has been solve: using ALry 
Bes functione vor hue circle by iowlan and Stevenson [5] ana 


for the ellipse -y ^һєцрэтг [б]. 


'Senera1 Ovaloià Cponing in 2 “ eam Uj CC bS to Pending witi Shear 
Pron [2] the following relations are ortained; 


$0) ”三 inzn аё" (1) 
Y(z) 


= прай +È pz” 
ex* my = °[$'(z)+ 9'(2)) - 5 nx ()] 
Ty - су + 21 Toy = 2 [Е (2) + ф (г) (2) 
F(x,y) = ñz [z $(z)+ $ (=) а] 


Exec, = дк + Ta 


(3) 


= ( Gg -下 + 21 Ша) в” 223 


oy 5 Ox + 21 “ұу 
(41 › the boundary equation for a free boundary 


Sron [3] ала 





5 Ihe numters in brockcts refer to references Ап Bibliography. 





із ol.teinod; 


9020+ A. pO) POA EP (4) 


From [1] and [4] the mapping function for tho gəmeral ovaloid 
i8 obtained: 


в >- + i г 
Е“ 53 (5) 
Then, as is shown іп (о): 
25 = 82+ $2 + 9г2 - 2%(в - 3r)oos 28 - Gre cos 48 (6) 


AL distances remote fron ihe onaning ( |x|>2h), the streas 


distrilution corregpondin: “о "iz. 1 18: 
O = PL - x)y ; 9, 2 0 : “¿cy = -Th+ ry? (7) 
1 ; 21 


where: T= 2 x 


r 
2) 1 by A: 
n - > ro hE ty, е А ^ 4 
Xd ccr ща 1 - ies, 
h 


tip, v. е FPlaenoc thícrneso, wel thickness respectively 


The bourécsry conditlcne, Bauntions (7), are equivalent to 


a "pure Pending” Component: Jy = ы шоуто; Тху = 0 (7a) 
end “Lending with Sheer": gu > Le ; gy 20; xy = Ure E (7b) 


Tho soiution tor nure “onging [l2] 111 De used later. For the 
prosent, the solution for boundary condition, Equation (7b), will be 
sought. 

The substit: tion oi "cuctione (1) and (70) into whe rirst two of 


EQuaticnn (2), :cr lar;o v;luoo of x, Jioldge: 


® шы e- it : 32- AP (3) 
Ср ^? тї 





р This 1s based on xoproximate theory that the web of an I-bean 


takes most of tas 8һәзгіпс force and that ths shearing stressag ar 
Constant across the web thickness. Cf. p305, [7]. 











Which are valid for anv opening recardleas of S866 

shen Squations (1) with: veluces fron Ucuntious (-) and Equations 
(2) ав пой1 г: 04 Гу the co-ordinate 5r-nsform^tion ecuntiong (3) and 
the mappin,, function (5) are suletitutead ain the rounéery equation (4), 


it becomes; 


Е 312 az 
PLA) Ex L ¿gta + tar ra = - а а ans i]* 


EEEUD(S . tà «rA^) + 1р (s + tÀ+ nÀ 3)5 3 
E. mat ra 


{ra 


> 


D, х О (9) 
ы | 


Multiriyine br ал » int. ravings around у with the aid of 


the Cauchy Inte ral sheovuss, не Geb: 


xd 1 3 3 е “12 2 
ф(5) + АР (8 ZH ZB in) ыз 55 йе, APW (net 273 = 28 83) ү 









ЖАТ 
4 12. (82%25%5 ж rt?+ 25r? - Рей - зепіш/р) га -0 (10) 
81 ри =: = эз 
Kultiplyinz by AdA and iute,ratinz cround y, ve ot: 
2 mTiiA-C ) ' 
-$Ф(& ) i2. (ПЕ ЗС +, Зра 3302) + i? . ree + 
РЪТ бї a4 
т (Grst + 38°%t - 283) 4 а -0 (11) 
ще ç < & 
Fror: Ху: Bons (10) Ст: (11): 
a, = 1782. (я? въ? + гр? +?вг2? - 2824 - вгг ~ 8 тгтв/Р (12) 
апа 
Ant? „2 
(Ф) = шв ipe [s^ 5 + за, (в? - 2825 gr? + oet?« ovt? - otn Is/P) 
$(< 5 5 =, TE + 
7 neon ще 8 ] (13) 
ay > 


The substitution of Eqvetion (13) into tne ılrst of zquations (2) 


as modifie' by золота (5) and the first of Equations (2) yields: 





= سے 


(Чэ bio := 










(9)! = -_ Ps + 032% - &et? - i5sr? - óri? 4 


в сг (85 - 28?t-0st^.425r? - ort? - &eris/P)\sin 26 - 


* ВЕРЕ 


- 23(8 - at « rt)sin А6 + 232ү віп 6B} (14) 
Repeating the nrocesa which Led to equation (13) by using the 
conjugate of aquation (5), we set: 


E) E ысЗ Je + 36 2 + spree = 


- 6+ $5 + > (38252 4 33% - ЗА - - 16) 
IIS Ei ç = ue 


where: A = 852 - 2а5% + 3erS+25t v 2rt^ - 8tP 18/P 
+3 





and B = ort + Bet - ^s^ 
fhe insertion of zGuavíona (13) and (lb) into tne laet of Squations 
gives: I 
ol Y < pge - 4 ^ ^ E 
F(x, B, 59. [ej (ein 28 55( € )sin ^B * 53( 9%} 511 68] 


where: Бубе) = -а а“? „зо (582 + 3t? - 3a Or + 114 - заг) 
2 6 8 


i + 3(A - t-) + —, АШ 


` 
граба 


Col) s a" (3st * 6rt - 2) - 862%. 0-26 (в - 3гЪ) + 


E 
a (st ~ 6rt - 3B) + 3rte-97 
0309) = -га(1 - 3e- ^ 2 200 ) (16) 


wquations (14) and (16) ^ ree with (5) ior the eircle (r * $ = № 
and witt. (6) for the ellinse (r = 0) for the rectanzular strip (T = 
We now aefine an adcitional criterion, the shear stress to 


bending stress ratio, ( = ), wherein: 


atross at the location of the opening 1 


T is tha averase ee 







there were no opening; 





x ENTM сч 
Қ Cx й тр \. 
Gui ФЕ ТЕ, 


location OF +19 oronin, 1: 


оиа; т» i and се Г 


ғу `. 
mi; ык 1 
Ме лхо 25 paferenes str 


the age or tin oponin: ìr 


Ро 
4. 
ИИСИ поза thot J, >> 5, t, r, “quation (1%) Sceeoməs: 
Ba | (C+ ND p + h. z< sin 2В (142) 
P Чо Jo . 8 + г Jo я 
We nor supercose Laue tion (1-2) on saustion (27) ot C2] «*hici 
ЖӘ све съгеве jLapyk u ia for tue condition 0; Fiz. 1: 


£ 0 )d "0 = 


ern 


— yous n 5 
дву (е + Зее et ain 7p -(. rt - sb r я=)аїп 28+ 
چ ل‎ І! Cr 
та Э San BY Lor Û < yg < де С (199 
3 
TT OD cives Vir e Tost oC znoor. Т те пог tako Ye 
DN Mec sticas, Lie overs ° артыр atea, Tauation (14) nov beso 
( 92 D ر ا م‎ `=" hte па 6t (9 + 27) ( 2 = 
4 xw ош эс мъ" {ts + сай и” “а = 19 = OR "+ x "EV 5 
TE 8 з + р 
= ° 
с. y ES ` - 
d гара & + 3p2+ art? - Seri/pjlsin 28 - 
$ 
- (в - ВЪ + risin "6 + rs sin opi (14) 
м hat 24» 
en (e + 2: gin f Tp 
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Cher. similar to Fig. 5, lis) . urthormore, with the exce»tion of 
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II 
INTRODUCTION TO THE SECONDARY BENDING THEORY 


The secondary bending theory 1s based on the concept that 
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the portions of the web above and below the hole can be treat- 
ed as cantilevers subjected to an end loading. The sum of the 
two end loadings is assumed equal to the total shear in the web. 
Assuming the same deflection at the ends of the two cantilevers, 
it ie apparent that each loading is proportional to the moment ` 
of inertia of that cantilever - or, more simply, its depth cubed; 
thue for a hole symmetrical about the web's longitudinal axis, 
the loadings are eyusl and one-half of the total web shear. 

The secondary bending stress in the "cantilever" is determined 
by the usual bending stress formula, This stress 1g superposed 
upon the bending stress caloulated by the same formula for the 
web without the hole at any given point. The theory may be ex- 
pressed by the formulae ,1ven below. Nomenclature ts indi- 


oated in the accompanying sketch. 
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APPENDIX B 


TAILS OF PROCEDURE 


Details anā dimensions of the model, tensile test 
specimen and test equipment are depicted in Fig- 
ure XXXIV-A. Critical dimensions were machined 

in all cases to within „001“. 

Defender Process Ortho 4xD film was submitted to 
about one-minute exposures in obtaining the photo- 
graphs of model isochromatics. The use of this 
film permitted visual observation during develop- 
ing - hence insuring optimum reproduction of frin- 
Ges. Dupont FS velour black glossy photographic 
paper was found to afford maximum fringe olarity 
upon printing. 

The model was anneeled in the Photoelasticity Labo- 
ratory annealing oven. An 011 bath was used. Теш- 
perature was raised to 220%F, іп aporoximately two 
and one-half hours and maintained oonstant for 
about the game length o” time, Cooling to room 
temperature was accomplished іп the closed oven in 
about 12 hours. The annealings were moderately ef- 
fective in removing the small values о? біле-ейге 
effect enoountered. The model vas irmersed in an 


011 bath when not being gubjeoted to machining or 
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experimentation in accordance with the theory 
that such procedure may decrease the polymeriza- 
tion of the material. 
A 3/4" hign-epeed steel end mill was used for the 
machining of web edges on the material. 
The initial step in the photoelaetic analysis was 
to determine the residual stress in the model for 
each group of runs. It was possible to agoertain 
very accurately the value and sign of the residual 
etress at the hole if the hole were not there by si- 
multaneous analysis of the no-losd and pure bending 
photographs for each group of runs. This residual 
strese was in all cases tensile and less then 0,4 
fringe order. However, it was impossible to accu- 
rately determine the net velue of the residual stresa 
at the hole boundery after mechining stresees and 
time-edce effect had been superpoged on thie teneile 
field. 

But two salient facts permit a detour about thie 
obstacle: 

(a) The no-load photogranhs indicate that the 

resultant residual stresses at the hole boundary 

are very nearly symmetrical about the horizontal 

axis. 


(b) stress theory and symuetry suggest that the 





STI YLXG INEWIINDE ONILSHL 


Y-AIXXX Wunols 


«LAT т) нр 
v I ватны, палаў д 
E247 өм) р абғатту VD DZ an, ау 为 
2 CAF wD 
(SOL) AGT Kg v.9 £ >= заў ы) В з, пару таб д 
4 ЗЕ ven вру YF NTE 3 d “0 жу вас д 
, = 2 7: our, тэа] Чуу wer Д (дах эту р 2270222 зазнаў аты) ў, 
AA ot {>> Л W 0 = Y w E. (ад гар тд ем 
LO Boa n з? v wer А (и) тас ER A 2 2L 
X | кг arvo, жр С uc, та жму 1722 Z L "IN P? 
Tw € | (4) fom- Пий ў, тыу гу язва тыч с way 72 ¿wg air mm 
۶ = к Dex ien; n) ся” бару рт" в 34 ey В су? (т) mg эн? 
' ® “ T 229 збываў 4 
з : * $340, 
t 2 
+ 
à 
A t 


Anne а, 











Ж 
1, =i 1 
2. > а > -- > 一 一 一 一 > - „> 
+ E » ^ 
-ф- 4 E 
IH г = 3 > 
I \ Ф Е A А» 
: 2 
А Ё 
= — €: е. =з "28 
аа SA PIS DISTAL) Na IEG = 
+ 
"5. 
в 
Az Fr Ae ы 4 v 
E .£ ë= 
2 r -ф- = У + т 
2 У -s a Б pue _ . Ф 
а. —, Y : Ф er -е: 92 ЗЕ 
4 ——X 2. а E E 4 22 ar 
B" - I. - Y E I 
Б || ў =" Rai 
-———  _. m - = VETE zZ 
ө | A NA: E а 
aM. - 








64 
hole boundary stresges should be of the same 
magnitude (but different sign) at vertically 
Opposite points. 
Henoe, resort to a rather commonly used tool of the 
photoelastic analyst is justified here; namely, at 
any arbitrary vertical station the two values of 
fringe order may be averaged to obtain a value very 
Close to the true value. This procedure was Tol- 
lowed throughout. ` 

A minimum of nine stations was used for esch 
photograph. By symmetry and bending stress theory 
it is obvious that the two end stations must have a 
value of zero. Four stations, at least, were se- 
lected in the expected vicinity of the two peak val- 
ues of stress concentration; these regions were either 
obvious from examination o? the photograph or were 
Oloeely predicted by the two tneoretiíool solutions 
treated in this naper. Fringe values uncorrected 
for residual stress were obtained either at inter- 
sections of isochromatics with the nole boundary or 
by extrapolation to the hole boundary of a curve of 
fringe — versus fringe position. 

Tne oorreoted value of the fringe order at the 
hole boundary is a measure of the tangential stress 


at that boundary sinoe the isochromatio is, by defi- 


= РЕ D 











nition, the loous of pointe representative of con- 





stant prinoipal stress difference, and the princi- 
pal stress normal to the free boundary at the bound 


ary ise zero. 
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8 RY OF DATA AND CALCULATIONS 


1. Photoelastio analysis: 


(а) Table II presenta loadings and resultant shear 
and moments subjected on the model at the various 
web depths. 

(b) Variation in moment across the hole was taken ine 
vo account. 

(с) The value of the stress at a distance "b" from 
the neutral exis (Uo ) wes computed from the pri- 
mary bending stress formula. Application of the 
material fringe constant allowed conversion of 
this stress value to fringe order. 

(d) The results of the tensile test speoimen runs to 
determine the fringe oonstant are presented in 


Fig. XXXIV-B. 


2. Heller's Anslysis: 

(а) The values of r, 8, and t used in Case I of Heller's 
paper are for a curve closely anproximating an ova- 
loid of aspect ratio 2.0 and, hence, are used in 
his equation 31d. 

(b) Moment variation across the hole was taken into ac- 


count. 
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(е) 


5. Бесопдагу bending analysis: 


(a) 





The equation had to be modified for most of the 


runs, ав indicated in the Sample Calculations. 


The ourves of stress distribution predicted by 
secondary benälng theory were extrapolated to 

zero at the hole ends - although the form of the 
curve is questionable. It is obvious that ap- 
plication of this theory to both upper and lower 
boundaries of the ovaloid will result in a net 
stress of zero at the neutral axis - but it is 
not poseible to ascertain where the influence of 


one boundary application affects the other. 





As ie de 

















NOMENOLATURE 





га - Ovaloid major axia 
2b =- =Ovaloid minor axis 
3 =~  Ov&loid ecoentric angle (Heller's analysie) 
22 =- web depth 


3 
- web moment of inertia = 


Са 
I 

5 
M - Bending moment 
Р = Applied loads 
УХ -  Bending stress at web edge without ovaloid = - 
% 


-  Bending streas at distance "b" from web 
neutral axis without ovaloid = ЖО 





- Tangential stress at ovaloid boundary 


V 


T - Web thickness 
С 
201 


- Average shear stress = 





v - Shear force 


Sta. - Ovaloid boundary position (absoissae Figs.II-XX 


Р 
2a oe | | 
> 
ze AAA ua | — 
E Lo 
= и 
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Оевм ок В (66 1 2, 
279 36). 
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o | HO LOAD 2.50 .100 
1 ja2.69 О 1025 | 40.94 | 0400 | 
5 [42.69 | 75.44 ¡688 | 25.80 | .0517 | 
4 | 42.15 [123.26 |460 | 82.85 | .180 | 
5 | 31.88 128.25 |185 | 98.15. .б51 | 
6 | 27.88 128.26 87 1102.15 11.17 
9 | 26.19 | 0 620 | 24.44 | .0594 | 2.00 | .125 
1l 55.19 21.19 |488 | 36.25 | .0742 | 
12 ! 35.19 | 67.69 |353 66.25 | “188 
15 | 33.19 | 97.69 |217 | 96.62 | .445 
14 | 27.19 1128.19 | 71 |102.62 |1.46 
15 29.19 ¡128.19 |120 100.62 | .837 
16 | 28.19 1128.19 | 46 1105.62 2.25 
NE | NO LOAD 
18 . NO LOAD 1,60 187 
18 (15.19 | O 351 | 13.44 ¡0.0383 | 
21 | 17.69 | 57.69 |245 | 21.75 .0896 | | 
22 ¡18.69 | 57.69 1178 | 40.76 .229 | 
24 19.69 96.69 | 27 78.75 2.92 | 
25 19.69 | 21.69 50 | 73.75 '1,48 | 
26 19.69 | 86.89 | 72 | 68.75 | .957 | 
27 | 7.19 | 0 158 | 5.44 | .0349 ` 1.00 | .250 
20 | 9.19 | 18.19 |123 | 10.75 | .0874 | | 
ШИ 710.18 | 30.37 | 98 | 21.95 | .236 | 
$1 11.19 | 44.69 53 | 55.25 | .665 
55 ¡11.19 | 52.69 | 18 | 43.25 | 2.41 
ПСА 11.19 | 48.69 | 36 ! 39.26 1.09 
95 | NO LOAD 
36 | 4.69 | O 95 | 2.94, .0910 |  .T750 | 088 
58 6.69 | 13.31 | 84 | 8:57. 10997 | 
39 | 6.69 | 20.19 | 55! 15.25! .288 
40 | 6.69 | 27.19 22 | 82.26 (1.01 
41 6.69 | 51.95 1.2 27.00 | 2.56 
42 | 13 | 24.26 ' 1.87 






NO LOAD 





24.46 Р, 


- 4.48 Po - 19.8 
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SAMPLE CALCULATIONS 
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1. Photoelastio Analysis: 


г. (76 
Fringe order corresponding to Y; nm Vet = (F.O.), 


Я. <= Corrected observed fringe order 
96 (F.O.), 














Run |Station | Fringe|Fringe Order Positions|Corr. Ur 
Order |Upper | Lower | average |F.O. |(Р.0.) | —- 
| ge 
| | 
36 | .044 10 | -1.0*| 4.1 -.24 
21.0 | -1.0 | 7 - 24 
2.0 | 2.0 | 4 «АБ 
5,0 { 5.0 4.1 .49 
4.0 | | 4.0 | 4.1 „98 
5.0 | 5.0 | 4.1 1.28 
5.0 . 90 | = 
6.0 .49 | .40 | 
710 .59 і .51 
8.0 .68 | See Figure XXXIV-C 
9.0 „?? 
10.0 „86 
11.0 . 95 5.X | 4. 1.24 
5.0 6.0 | 4.1 1.28 
4.0 4.0 | 4.1 „98 
5.0 8.0 | 44 . 75 
2.0 | 2.0 | 4.1 "49 
1.0! .41 
е: м 
2.0 | .65 
3.0 | .79 
4.0 | See Flgure XXXIV-Ç 
5.0 | 
6.0 
7.0 
8.0 


„29 


2. BHeller!'s Analysis: 


Modification of Equation 31b of Appendix A-I for an ovaloid 
of aspeot ratio of 2.0 gives: 


E. 4.508 sin е + 13.51€ <= ain 2 б - 2.692 sin3(S - .193 sin 56 
с 6 


2.800 ~ 31.745 cos 2/2 + „792 сов 4 


ФА negative sign indicates a stress opposite ln sign to that ex- 
pected for bending in the web without the hole, 
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For runs 1, 9, 19, 27, and 36 the origin of [В 1з ав 1п- 
dicated in Appendix A-I. For all other runs the origin 
ig as indicated below: 


ү 





Кип | Station 





5. Secondary Bending Analysis 
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APPENDIX E 
ORIGINAL DATA 


The original data is presented in the form of the pho- 
tographs of model isochromatics for all runs. (Figures 
ХХХУ-ХХХІХ.) Refer to Table II, Appendix 0, for loadings. 





FIGURE ХХХУ 





RUNS 0-6 © #100 





FIGURE XXXVI 








FIGURE XXXVII 
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FIGURE XXXVIII 
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RUNS 27-35 e yy 
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FIGURE XXXIX 
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RUNS 36-44 (0333 





(1) 


(2) 


(5) 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 
(10) 


(11) 
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The stress distribution at the 
boundary of an ovaloid hole in 
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ing and shear. ` 
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